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A Hamiltonian formulation of gauge symmetries on noncommu- 
tative {6 deformed) spaces is discussed. Both cases- star de- 
formed gauge transformation with normal coproduct and unde- 
formed gauge transformation with twisted coproduct- are consid- 
ered. While the structure of the gauge generator is identical in 
either case, there is a difference in the computation of the graded 
Poisson brackets that yield the gauge transformations. Our anal- 
ysis provides a novel interpretation of the twisted coproduct for 
gauge transformations. 

1 Introduction 

The analysis of gauge symmetries in theories defined on usual commutative 
space is quite familiar, either in the Lagrangian or Hamiltonian formalisms. 
In the later formalism, for instance, there is a definite method [H, [21 E] of 
obtaining the gauge generator, based on Dirac's[l| conjecture that it has to 
be a linear combination of the first class constraints. Poisson bracketing the 
generator with the variables then yields their specific gauge transformations. 
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In this paper we provide a systematic Hamiltonian analysis of gauge 
symmetries in noncommutative theories; i. e. theories defined on a noncom- 
mutative space where the usual pointwise multiplication is replaced by the 
star multiplication. Our motivation stems from recent analysis|5], El O [H [9l 
[To] which show that, in extending gauge symmetries from the usual (com- 
mutative) to the noncommutative realm, one is faced with a choice. Either 
gauge transformations are deformed in such a way that the usual coproduct 
(Leibniz) rule is preserved or the standard commutative space gauge trans- 
formations are retained at the expense of twisting the normal coproduct rule. 
While the former is referred as star deformed gauge symmetry, the latter is 
called twisted gauge symmetry. These notions have also been considered in 
the context of gravity^. Because of this ambiguity it is clear that extending 
the concepts of gauge generators and transformations from the commutative 
to the noncommutative realm is quite nontrivial. 

In this paper we analyse both types of gauge symmetry in the Hamil- 
tonian formulation, complementing the Lagrangian approach done by us 
|lUj . As a specific model, the noncommutative Yang Mills action coupled 
to fermionic matter has been taken. The first class constraints of the theory 
are identified. The gauge generator is constructed by taking an appropri- 
ate combination of these constraints. Poisson bracketing the generator with 
the gauge or matter variables leads to the star deformed gauge transfor- 
mations. Subsequently by providing a "twist" to the Poisson brackets, the 
twisted gauge transformations are obtained. This twist is dictated by a novel 
interpretation of the twisted coproduct of gauge transformations. We find 
that the twisted coproduct is the normal coproduct with the stipulation that 
the gauge parameter is pushed outside the star operation at the end of all 
computations. 

The paper is organized as follows. In section 2 we discuss a general 
formulation to obtain the gauge generator and the gauge transformations in 
a noncommutative space framework. Section 3 is dedicated for the analysis 
of star deformed gauge transformation. In section 4 we concentrate on the 
twisted gauge transformations. The issues related to the twisted coproduct 
rule is discussed in detail in this section. Finally section 5 is for conclusions. 
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2 General Formulation 



The gauge symmetry of a system can be analysed either by the Lagrangian 
approach [11] where the starting point is the gauge identity of that system 
expressed in terms of the Euler derivatives or by the Hamiltonian approach, 
based on Dirac's conjecture that the generators of the gauge transformation 
are given by a linear combination of the first class constraints. Here we 
concentrate on the second approach for obtaining the gauge transformations 
of the fields on a noncommutative space. 

Let us first briefly mention the formulation for a general field theoretical 
model defined on a noncommutative space. The results are basically appro- 
priate star deformation of the commutative space results. The star product 
is defined as usual, 

(/ * g){x) = exp {^^e'^-'d-^d^ f{x)g{y)U=y (1) 

where 9'^'^ is a constant two index antisymmetric object. We consider a 
system with a canonical Hamiltonian He and a set of first class constraints 
which satisfy the involutive algebra 

{H,,<^aix)} = ldyV^{x,y)*^,iy), (2) 
{$„(x),$b(2/)} = ldzC:,{x,y,z)*^,{z) (3) 

where V and C are structure functions which, in general, depend on the 
field variables. The constraints coming directly from the definition of canon- 
ical momentum are named primary constraints and that obtained from their 
time consistency (the Poisson brackets between the Hamiltonian and the 
constraints should be weakly zero) are called secondary constraints. 

For such a system the total Hamiltonian is given by the sum of the 
canonical Hamiltonian and a linear combination of the primary first class 
constraints. 

Ht = H, + Jdx z;"^ (x) * (x) (4) 

^The weak equality in $a « implies that all Poisson brackets involving have to 
be calculated first and then only the constraints can be imposed. In contrast, a strong 
equality ^ = implies that A (obviously) has vanishing Poisson bracket with all the phase 
space variables. 



3 



Here f '^^ are Lagrange multipliers. The equations of motion in the Hamilto- 
nian formulation are now given by 

q,{x) = {q,{x),HT} = {qi{x),H,} + j dy v'^' {y) * {qi{x) , ^ aM) (5) 
with the constraint equation 

~ 0. (6) 

The generator of the system, according to Dirac's algorithm is a linear com- 
bination of all the first class constraints, 

G = fdx e'^ix) * (7) 



The point to emphasise is that all components of the gauge parameters 
are not independent. The number of independent e's is given by the number 
of independent primary first class constraints (labeled by 'ai'). To find the 
conditions among these parameters, we review the method used earlier by 
one of us |12J which is an adaptation of the commutative space approach 
discussed in[Tl [21 E]- 

An infinitesimal gauge transformation of a variable is given by the Pois- 
son bracket, defined below, between the variable F and the gauge generator 
G, 

6F{x) = Jdy e^{y) * {F{x),<^%y)} (8) 

The point is that in demonstrating the invariance of the action under some 
variation or in the derivation of the Euler-Lagrange equation of motion from 
the action principle, one requires the commutativity of that (6) variation 
with the time differentiation. In the Hamiltonian framework also we impose 
that requirement, 

^ d d ^ _ , 

^dt''^ = dt^'^ 

where the time differentiation is defined in ([5]) and the 6q variation in ([8]). 
From these equations we obtain 

6qi{x) = Jdz e'^iz) * {{q,{x),H,}, $,(2;)} + 

I Jdydz e\z) * v'^^iy) * <l>fc(z)} + 

'dy6v'''{y)*{q,{x),^aAy)}- (10) 
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Similarly we can write 
d r 

+ Jdydz e%y)* v-^{z) * $,(|/)}, $,,(2)} 

+ Jdy^iy)*{q.ix),^,iy)}. (11) 
Equating (ITU]) and (ITT!) and using the Jacobi identity we get 
jdz e''{z)*{{H,,<i>a{z)},q,} 

+ Jdydz e%z) * v^^iy) * {{<i>aAy),Mz)},Q^} 

- Jdy6v^^{y){qi,<!>aM} + / d?/ * {g„ $,(y)} = 0. (12) 
Using the algebra ([2]) and ([3]), the above equation reduces to, 

Jdzi ldye'^iz)*[V^iz,y) + J du v'^^iu) * C^J^, z,y)] 

*^-5.-(.)*^5#) = o. 

Since the constraints are taken to be irreducible (i. e. independent) we get the 
following conditions, from the secondary and primary sectors, respectively, 

= Jdye'^{y)*V^%y,x) 

+ ldydze'^iy)*v'^'{z)*C'jJz,y,x) (13) 

Sv'^ (x) = -Jdy t\y) * (y, x) 

bi 



-Jdydz e^{y) * v^^ {z) * C',l^{z, y, x). (14) 

The first relation expresses the fact that the gauge parameters are not all 
independent. In fact we find that, as stated earlier, the number of indepen- 
dent parameters of a gauge system is equal to the number of primary first 
class constraints. On the other hand, the second equation gives the variation 
of the Lagrange multipliers. 

We will now use these results to analyse both star deformed gauge 
symmetries as well as twisted gauge symmetries. 
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3 Star Deformed Gauge Symmetry 

So far we were discussing a general formulation for any gauge theory on 
noncommutative space. Now we concentrate on a particular model which 
describes a non-Abelian gauge field in the presence of a matter (fermionic) 

sector, 

S = Jdx * F'^'^ix) + i>{x) * {ii^D^ * -m)V(x)] (15) 

where 

* ^p{x) = d^i){x) + igAf,{x) * ij{x) (16) 
F^^(x) = df,A^{x) - d^Af,{x) + ig[Af,{x), A^{x)],. (17) 

The above action is invariant under the star deformed gauge transformations, 

5^A^ = V^*r] = d^r] + ig{A^ * r] - r] * A^,), (18) 

5^F^^ = ig[Ff,^, 1]]^ = ig{Ff,^ ^r]-r]* F^^) (19) 

5^ip = —igr] * i/j (20) 

S^ip = igijj * rj (21) 

with the usual Leibniz rule 

5,{A*B)=5,A*B + A*6,B. (22) 

Varying the action (ITS!) with respect to the gauge field leads to the field 
equation 

d^F^^ + ig[A^,F^^%+f = Q (23) 
where is the fermionic current 

f = gMilax*^^- (24) 

Note the ordering in which fermionic fields appear which is not equal to 
—gipa{l'^)ax * i^x- This is due to the fact in calculating the variation of the 
term / dx '^^^il}*A^*ip we have used the cyclicity property of the star product, 

J dx A* B*C = j dx B*C*A = J dxC*A*B (25) 



to keep S^:A^ at an extreme end. We write the equation of motion fl23l) in 
the form 

* P^'^ + f = (^ (26) 

where 

V^*^ = d^C + i9[A„^U (27) 
which, in component notation, reads, 

{V, * 0" = d,C - f r'^{4' + ^^d'^'^K ^1* (28) 
where the structure constants are defined by the symmetry matrices as, 

^Ta^j.b^^-jabcj.c ^29) 

{T'',T^} = d^^^T". (30) 

The structure constants /"''^ and d"''"^ can be made completely antisymmetric 
and completely symmetric as mentioned in [121 US] • 

We now start a Hamiltonian description of this theory. Throughout the 
paper we assume 6^^ = to avoid higher order time derivatives. Due to the 
presence of grassmanian variables in our model (fTSl) . the Poisson brackets in 
the previous section should be replaced by the graded brackets. The graded 
brackets between the fermionic variables are given by, 

{iljc,{x),ijjl{y)} = -iSc^f^Six - y). (31) 

The canonical momentum of the Lagrangian ( fT5i) is given by, 

< = ^ = (32) 
which leads to a primary constraint 

= vrJJ ^ 0. (33) 
The canonical Hamiltonian of the system is given by, 

H = Jdx [^Ti'' * n'' + ^F^^ * F'^" - (Vi * n'y * 

—itp * 7*5j'0 + gijj * 'j'^A^ * tp + mip * ip] (34) 
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where the operator V has aheady been defined in eq. (1281) . Now using the 
basic Poisson bracket relation 

{A^^{x),7^M} = m^-y) (35) 

the secondary constraints of the system are computed 

«l>^ = {H, = {H, <} = {V, * Ti.r - #A * {T''U{i'% ^ (36) 
where we have used 

dy A{y) *d{x-y)= f dy A{y)6{x - y) = A{x). (37) 



Note that this constraint is the zeroth component of the equation of motion 
( !23|) expressed in phase space variables. The algebra of the $i constraints is 
trivial, 

{$?(x),$?(2/)} = (38) 
{$?(x),$^(2/)} = 0. (39) 

The algebra of the constraint $2 with itself is also found to close, but in a 
nontrivial way. Since this calculation involves some subtleties, few interme- 
diate steps are presented here. We write 

= T'^ + (40) 

where 

= d,nt-p^'^{Aln'r}. + t^-d^''[Aln'rl and 

= -#A*(n.A(v^^). (41) 

The graded brackets of the terms and x"" separately close among them- 
selves. Let us show it first for T"|T3]. Using the identity [T2|, [13] 



A{x) * 6{x -y) = 6{x - y) * A{y) (42) 

we obtain 

{^^7^t{x), + {-f r^'{A^(^)> d.n'^iy)} 

= fr'^Wx-2/),a.<(x)}. (43) 



and 

= _^|rf'^^'=[5(a;-2y),9i<(x)], (44) 

Exploiting the Jacobi identity 

[Ki{x), [Ai{x), T'Six - y)l]. + [Ai{x), [T'S{x - y),7r,{x)],l 

+ [T''S{x - y), [Ki{x),Ai{x%], = (45) 

the remaining; terms of {T''{x),T^{y)} are written as 

'-g^p'^{5{x - y), [A,n,]l}, + ^/rf'^^^[5(x - y), [A,n,]ll. (46) 
Combining the expressions (H3|) , (jHj) and (H6!) , we get the closed algebra 
{T'^{x),T\y)} = p^''{6{x - y),T%x)}. - ^|rf'^^^[5(x - y),T%x)l (47) 

Now to show that the graded bracket {x"'{x), X^iu)} really closes we use the 
product rule 

{A, BC} = {A, B}C + i-ir-nn B{A, C} . 
{AB, C} = A{B, C} + (-l)''s''c{A, C}B ^ ^ 

where 

7] = for bosonic variable and 
7] = 1 for fermionic variable 

Eq. (jlH]), together with the bracket and the identity yields, 

{X^{x),x\y)} = f r''^{^(x - y),X%x)}. - z|d'^^^[5(x - y), x%x)].. (49) 
Thus eqs. ( H7I) and ( H9i) imply the closure of $2, 
mx), $^(y)} = p^''{6{x - y), $ ^(x)}. - z^d'^'^ldix - y),<^',{x)].. (50) 
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Likewise the involutive algebra of the canonical Hamiltonian with the con- 
straints is found to be, 

{H,,^1} = ^1 (51) 

[H,, = $ + i^-<f''^[A'\ n*- (52) 

Due to the algebra ( |38l) and ( |39l) the term C^^^ in the r. h. s. of eq. ([3]) 
vanishes. So we simplify eq. f|T3l) as 



de^2( 



dt 



I dye\y)*V',^{y,x). (53) 



The function defined in eq. ([2]) can be found from the algebra (15T|) and 
([52D as 

(V;2)'^^(x,y) = 5^'5{x-y), (54) 
(y|)'^^(x,y) = lr^^{5{x-y),A'\y)}^ 

+,|rf"^^[5(^_^),A°'=(y)],. (55) 



Now we write eq. (1531) in its expanded form as, 
de^'^Cx) 



dy e'\y) * {V,')''%y,x) + / dy e'\y) * (^^)^^(i/, x). (56) 



dt 

Using (15^ and (!55|) in the above eq. we get 

e^"" = e^" - |r'^{e2''(x), A°^(a;)}, + z|d'^^'=[e=^^(x), A°^(x)], (57) 

so that 

ei"^ = (Po * e^y. (58) 

Thus, using the above result, the generator given in ([7]) is written in terms 
of a single parameter as, 

G = Jdx {Vq* e^)" + e^'^ * $^ (59) 

where the constraints $i and $2 are defined in fl33|) and fl36|) . After obtaining 
the complete form of the generator, we are now in a position to calculate the 
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variation of the different fields. The general formula to get this follows from 

5q^{x) = Jdy e\y) * {g„(a;), $,(?/)}, 6 = 1,2. (60) 

= j<ly{V,*e'r{y)*{qM.nm 

+ j <ly^\y)*{q^{x),^'i{y)}. (61) 

Let us first study the gauge transformation of the field A^. The variation of 
its time component is 



5.A^(x) = j dy{V,*^)\y)*{Al{x)y,{y)} 

= j dy{V,*e^)\y)5'''*5{x-y) 

= j dy{Vo*^ny)5{x-y) 

= {Vo*e'r (62) 

where we have used the identity (!37|) . The variation of the space component 
is likewise given by, 

S.Atix) = Jdye'\y)*{At{x),V,*n%y)} 

= Jdy e'\y) * {~df6{x - y)5'^' + |f ™{A^(y), 5(x - y)}. 
-z|rf^-[/l^(y),5(x-2/)].). 

Now dropping the boundary term and using the cyclicity property (123]) we 
write the above expression as 

5,At{x) = d.e"' - ^r"^{Ale^% + z^d-''[Ale^% 

= {V,*e'nx). (63) 

Combining eqs. (1^ and flB^ we obtain, 

5,^;: = {V, * e'r (64) 
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thereby reproducing fllSp with the identification — 77. In a hkewise manner 
the gauge transformation of the matter fields is also obtained, 



dy e'"(2/) * iJx{y) * {T%,{-i)6^J{x - y) (65) 



where fl3T|) has been used. Now using the property fl37l) . the above equation 
is written as 

= -2(7e2'^(x) * (r")^^V^^(x). (66) 

In a similar way we get 

54^{x) = j dye^\y)*{i,^{x),^^\y)} 

= ig{T'^)^Jp{x)*e^\x) (67) 

which reproduces fl20|) and fl2T]) . 

It is also possible to compute the gauge variations of star composites 
in the same way. For example, 



= igjdy iT'')pxe^%y) * i^^iy) * i;^{x) * 6{x - y) 
-ig [ dy {T'')^xe^''iy) * My) * - y) * ^/^(x). 



Using the identity (H2|) the argument of ■0^ in the first integral and that of 
if) 13 in the second integral is shifted from x io y so that star product is defined 
only at the same point {y). Finally, using (l25ll and (137|) . and keeping in mind 
the grassmanian nature of the fermionic field we get 

<^*(^a * ^p) = -ig ((T");3A^a * * + (T"),Ae''^ * * ^p) ■ (68) 

This is the result one also finds by using (166!) and the standard coproduct 
rule, 

= -2^(V^,*e2"(n^A*V^A + e2"(n„A*V^A*^/3) (70) 
12 



other star composites can be treated identically. This culminates our analysis 
of star deformed gauge symmetry. Note that the standard coproduct rule (1221) 
is necessary for the invariance of the action as well as the consistency of the 
analysis. 



4 Twisted Gauge Symmetry 

So far we were discussing about the star deformed gauge transformation from 
a general Hamiltonian formulation which obeys the normal coproduct rule 
fl22|) . But as discussed in O El [H E] the action f|T5l) is also invariant under 
the undeformed gauge transformations 

5rJ^jJ = —igrjip ^ ' 

Snip = igi^r] 

with the twisted Leibniz rule [5], El |8], 

w*9) = E(^r 



2 ' n! 

i^d^,-d,„vf d^„g + d^,--- d^J * 5a^^...a,^ng)- (72) 

This rule is also essential to obtain 5>r^F^y. Using ffTT]) and, 

6r,{A^*A,) = dMu + A^.d,r]-Wr]''{[T\A^]*A, + A^*[T\AJ\) 

= df,r]A^ + A^d^r]-ig[7],{A^*A^)] (73) 

following from (1721) . immediately leads to the undeformed transformation 
(!7T|) for 6r,F^u. The gauge variation of the other star composites are similarly 
computed from (!72|) . 

5r,{A^*^) = {d^rj)ij-igrj{A^*^) (74) 
5^(0 *'iIj) = -igr^"" ((T» * ^ + * (T») . (75) 

In an analogous manner we can also obtain the gauge variation of a chain of 
fields, as for example 

<5,(0*^*X) = -z^7?7"((T"0)*^*x + 0*(T»*X 

+0*V^*(r'^x)) (76) 
5^{(j)*i)*A^) = -z(7?7'^((r»*^*^^ + 0*(T»*A^) 

+igr,'^(l> * ^ * [A^, + (</> * ^l,)d,r] (77) 
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where (J) and x have similar transformation properties as ijj. We observe that 
the transformation rules for the star products of variables is also identical to 
the corresponding undeformed relations, as for example, 

d^{A^A,) = d^r]A, + A^d.r] - tg[r], (A^A,)] (78) 

where A^ is the commutative space gauge field with normal gauge transfor- 
mation. 

We now present an alternative interpretation of the twisted coproduct 
rule ([72]). The resuhs ([73D, ([74]), ([75]) and also ([76]), ([77]) are seen to follow 
by using the standard coproduct rule (12^ but pushing the gauge parameter 
f] outside the star operation at the end of the computations. Denoting this 
manipulation as, 

6^{A*B)r^{6^A)*B + A*{6^B) (79) 

we find 

6rj{(p*'^) ~ {6^(j)) * + (p * (S^ip) (80) 
~ —igirjcp) * ip — ig(p * {rjip) (81) 

= -z^?7"{(r» *^/; + (/)* (T-^V)} (82) 
which reproduces f l75]) . Likewise we see, 

5r,{A^*^) ~ {5r,A^)*i) + A^*{5^'4j) 

~ {d^y^ - igv'^iT^ A^]) *,p + A,* (-igv'^Ty) 

= d,r,ib - igTi\[T\ A,] * i,) - igr^\A, * T^i;) 

= d^r]ip - igr]{A^ * ip) (83) 

which reproduces f l74p . Similarly, 

5n{(p*^*x) ~ {5v(t>)*^*X + (t>*{5riip)*X + (l>*^*{5vX) (84) 
~ -ig{r](p) *%p*x-W<P* ivi') *X~i9(p*i'* ivx) (85) 
= -Z(7r?"{(T'^(^)*^*x + (^*(T»*x 

+cP*ij*{T^x)} (86) 



thereby reproducing f[76]) . 

We now suitably modify the Hamiltonian formulation of the previous 
section to systematically obtain the undeformed gauge transformations flTTl) 



14 



as well as the relations (175]) . (17II) . (1751) manifesting the twisted Leibniz rule. 
As far as the gauge generator is concerned the analysis is similar to the 
previous case and the same expression fl59|) is obtained. This is not un- 
expected since the Gauss constraint defining the generator is basically the 
time component of the field equations which are identical in both treatments. 
The difference can come only through the computation of the relevant Pois- 
son brackets that lead to the gauge transformations. In our interpretation 
the twisted coproduct is just the standard coproduct with the proviso that 
the gauge parameter is pushed outside the star operation at the end of the 
computations. We adopt a similar prescription for computing the modified 
Poisson brackets. 

The gauge variation of the time component of A^^ field is found by 
suitably Poisson bracketing with fl59|) (renaming as i]), 

= Jdy{Vo*vf{y)*{A^oi^),4iy)} 
^ Jdy (Do * v)\y)S'"' * S{x - y) 

~ J {dy dov"" - p^''{K,v% + t^d^'''[Alv%)iy) * S{x - y) 

= dov^-gr'^A'^T]' 

where in the last step we put t] outside the star product following our pre- 
scription. This is written in a compact notation as, 

6,A^, = {VovT. (87) 
The variation of the space component is also calculated in a similar way 

5,A1{x) = jdyr^\y)*{At{x),V,*n]{y)} 

jdy rf>{y) * {-d^5{x - yW' + |f ^n^- (z/), ^(^ - ?/)}* 
-rld"^-[A^{y),5{x-y%) 
~ j dy'n'^{y)*{-d^6{x-y)) + 

|f -(r/^(?/) * A^{y) * 5{x - y) + rf{y) * 5{x - y) * A^{y)) 
-ild'^\v\y) * A^{y) * 5{x -y)- v\y) * S{x - y) * AHy)) 
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Now dropping the boundary term, using the cychcity property (1251) and the 
relation (P7|) we write the above expression as 

^-f^\rf{x)*A^{x)+A^{x)*T^\x)) 
-iU'^'^{ri\x)*Al{x)-A'i{x)*T^\x)) 

Finally, keeping the gauge parameter r] outside the star product we obtain 

5^A1{x) = d^r]'' - gr^'^A^^r]'' 

= (V^vTix). (88) 

Combining eqs. flHTl) and fl88|) we write the gauge variation in a covariant 
notation 

S,A^^ = {V.rjr (89) 

The gauge variation of the fermionic field can be obtained in a similar 

way 

= -igri\x) (T'^)„^ ^p{x) (90) 

Sr^M^) =tg{T'^)p^ijp{x)'n\x). (91) 

The calculation of the gauge variation of composite fields needs some care. 
For example we consider the variation 5^{A^ * ip), 

6r,{Ao{x)*i;{x)) = T^5{A-oix)*^{x)) 

~ T'^Jdy (Vo * v')iy) * {^S(^) * ^(^), 4iy)} + 

T'l dy ^%y) * {Al{x) * ^(x), -#(?/) * {m^Kv)} 

~ Jdy {Vo*vliy)*six-y)*'^ix) 

-igT' j dy ri\y) * rij{y) * A^^x) * 6{x - y). (92) 

As mentioned earlier, the star product is defined only at the same point of 
two functions. So to evaluate the above integral we use the identity (H2l) to 
change the argument of ip and Aq from x to y. Thus we obtain 

5^{Ao{x)*ij{x)) ~ T'^ jdy{Vo*v''){y)*i^{y)*5{x-y) 

-igT' j dy r]''{y)r * tp{y) * 6{x - y) * A|;(y).(93) 
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Using the properties (125]) . (1571) and finally removing the gauge parameter rj 
outside the star product we obtain 

5,(Ao*^) = r'^(ao77'^V'-^?rV(4*^))-^^?T''TV(4*^)- (94) 
Following the symmetry properties (I29|30l) we write the above result as 

-zf7rVK*^)(^a?'^" + ^/'^'^) (95) 
= T^idov''^) + 9T''v%K*i:){-'-d"^^ + ^fn- (96) 
The space part is also obtained in a similar way 

6,{A, * ^) = T"(9,r/» + gT'^ij^A'l * ^)(-^rf'™ + ^f^- (97) 

Expressions (196| 1971) are basically the time and space component of the equa- 
tion (1741) . Finally, we calculate the gauge variation of a star product of three 
fields, 

SriiiJa *ip/3* tp-/)ix) J dy r]{y) * {^l)a{x) * %l)p{x) * V'^(x), -gipxiy) * T^a^^} 
~ -ig J dy r]{y) * T^^ipxiy) * i/Jaix) * ^pp{x) * 5{x - y) 
+ig J dy r]{y) * T^^tpxiv) * i^aix) * Six - y) * ^^(x) 
-ig J dy r]{y) * T^^^tpxiy) * 6{x - y) * tppix) * tp^{x) 

Now using the property (142|) and its generalisation, 

A{x) * 6{x -y)* B{x) = B{y) * 5{x - y) * A{y) (98) 
all arguments of the above equation are shifted to y to yield, 

S^ii^a ^y){x) ~ -ig J dy r]{y) * T^xi'xiv) * ^(x - y) * ^a{,y) * ^Ppiy) 

-ig J dy r]{y) * Tp^ipxiy) * ipyiy) * 5{x - y) * ipaiy) 
-ig J dy ri{y) * T^aV'a(?/) * ippiy) * ip-fiy) * 5{x - y) 
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where the extra negative sign in the second integral is due to the flip of two 
grassmanian variables. Making use of the identities fl25p and (157|) we evaluate 
the above integral and finally removing the gauge parameter rj outside the 
star product we obtain 

+^„*V'/3*(T»^} (99) 

which is just eq. f l76|) written in component form. The gauge variations of 
the other composites are computed in the same way reproducing the results 
fl73|l . fl75l) . fl77|) obtained by using the twisted coproduct rule. 

This section is concluded by making a comparison with results obtained 
in [S] using Hopf algebra techniques [H]. In this approach the gauge generator 
(in the Schroedinger representation) is taken exactly as in the undeformed 
situation, 

G^ = ldz {d,a'{z) + ga^'{z)A^^{z)r') (100) 

which is consistent with the algebra, 

[G^,Gp]=igGi^,py (101) 

The usual coproduct is then twisted by introducing the generator fllOOl) and 
is shown to be compatible with the general expression (1721) . 

It should however be pointed out that the generator fllOOp only gener- 
ates the undeformed gauge transformations. Star deformed gauge transfor- 
mations are obviously not generated by it. 

In our unified approach the generator is given by fl59|) . Depending 
on the interpretation of computing the Poisson brackets of this generator 
with the field variables yields either the star deformed gauge transformations 
or the undeformed gauge transformations with the twisted coproduct. The 
generator flS^ satisfies a star deformed version of fllOip 

[Ga,Gf,]=gG[a,fsu. (102) 

5 Conclusions 

The conclusion of our work is that, as far as gauge symmetry is concerned, 
both star deformed symmetry and twisted symmetry are on an equal footing. 
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The gauge generator, obtained in the Hamiltonian formahsm, reproduced 
star deformed gauge transformations with a normal coproduct as well as 
undeformed gauge transformations with a twisted coproduct. This was based 
on an appropriate interpretation of computing the Poisson brackets that led 
to the gauge transformations. 

The present analysis revealed a new interpretation of the twisted co- 
product. It was found that the twisted coproduct was equivalent to the 
normal coproduct with the condition that the gauge parameter had to be 
taken outside the star operation at the end of the computations. 

A point which has been stressed in the literature [H [9] is that twisted 
symmetry is not a physical symmetry in the usual sense and it is uncertain 
whether Noether charges and ward identities can be obtained. This is because 
twisted invariance leads to transformations that do not act only on the fields. 
Nevertheless we were successful in suitably defining gauge generators and 
transformations. This was quite reassuring since for a genuine symmetry 
(twisted or otherwise), a generator must be appropriately defined. We feel 
this to be an important step in regarding a deformed gauge theory as a theory 
with properties similar to what we desire for physics. 
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